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Abstract

The TQFTs are the symmetric monoidal functors from the cobordism category to some
fixed target. When a TQFT factors through the cobordism groupoid, it is said to be
invertible. In dimension two, Tillmann has shown that the cobordism groupoid is equiv-
alent to an infinite cyclic group. As later remarked by Juer and Tillmann, a generator is
given by the sphere. We provide a simplified version of Tillmann’s proof, which makes
this latter fact evident. As an application, we exhibit a symmetric monoidal equivalence
between the category of invertible TQFTs and the group of automorphisms of the target’s
unit object. This generalizes a result of Juer and Tillmann.
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Introduction

Our central object of study is the (two-dimensional) cobordism category S. Roughly
speaking, the objects of S are finite disjoint unions of circles, denoted 0, 1, 2, . . ., and the
morphisms are (equivalence classes of) cobordisms between them. A cobordism from m
to n is a (compact, orientable) surface Σ whose boundary decomposes into m “incoming”
circles and n “outgoing” circles. An example of a cobordism from 2 to 1 can be depicted
as follows:

Cobordisms can be composed by gluing along a matching boundary:

and two cobordisms are considered equivalent when they are homeomorphic relative to
their boundary:

“

By the classification of surfaces, two connected cobordisms are equivalent if they have
the same genus and the same numbers of incoming and outgoing boundary circles. In
chapter 1, we rigorously define the cobordism category, and we provide an exposition of
some results of Tillmann [8]. In particular, the classifying spaces of several subcategories
of S are shown to be homotopy equivalent to the circle S1.
These results may be taken as a hint that the classifying space of S is also homotopy

equivalent to S1, as conjectured by Juer and Tillmann in [5]. More evidence in favour of
this conjecture is provided by the following. From a general result of Quillen [6], there is
an isomorphism π1pBSq – π1pBGSq, where GS is the cobordism groupoid, obtained from
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S by formally inverting morphisms. In [8, Theorem 7], Tillmann proves that there is a
equivalence of symmetric monoidal categories

GS » Z, (1)

where Z is the group of integers, seen as a one-object category. As a consequence, the
fundamental group of the cobordism category is known:

π1pBSq – π1pBGSq – π1pBZq – Z. (2)

Juer and Tillmann [5] have remarked that the class of the sphere provides a generator for
the infinite cyclic group in this equivalence. In theorem 2.12, we give simplified version of
Tillmann’s proof of eq. (1), which clearly exhibits the sphere as a generator.
The cobordism category is used to define topological quantum �eld theories, which have

been of interest to both mathematicians and physicists. Formally, a C-valued TQFT is a
symmetric monoidal functor from the cobordism category to some arbitrary fixed target
C. Here the symmetric monoidal structure on the cobordism category is given by disjoint
union. The TQFTs that factor through the groupoid GS are said to be invertible, and
correspond to “anomaly theories” in physics. The invertible TQFTs can be arranged into
a category TQFTˆC , which has been studied by Juer and Tillmann in [5]. In this paper,
the authors consider the case when C “ VectC is the category of complex vector spaces
(with tensor product as monoidal product). Specifically, using the fact that GS » Z, they
prove (in [5, Theorem 4.3]) that there is an equivalence of categories

TQFTˆVectC
» Cˆ, (3)

where Cˆ is the discrete category of nonzero complex numbers. In theorem 3.6, we
generalize eq. (3) to an equivalence

TQFTˆC » AutCpeq, (4)

where C is any symmetric monoidal category, and e denotes its unit object. While Juer
and Tillmann’s result assumes that the TQFTs are pointed (i.e. preserve the unit object),
we show that this assumption is unnecessary. Moreover, we are able to upgrade eq. (4) to
a symmetric monoidal equivalence.
The results presented above rely on facts that are often stated without proof in the

literature, and with good reason. Indeed, the arguments involved are usually straight-
forward but tedious. In an e�ort to make the material as self-contained and accessible
as possible, we provide detailed proofs for a number of these facts. For instance, the
precise statement of eq. (4) involves the symmetric monoidal structure on the groupoid
GS, which is carefully defined (in a general setting) in the first part of chapter 2.
In order to avoid interrupting the flow, some of the more laborious arguments have

been relegated to the appendices. For instance, the proof of eq. (4) relies on the two
following facts:
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i) The small symmetric monoidal categories arrange into a 2-category, with symmetric
monoidal variants of functors and natural transformations.

ii) Consequently, categories of symmetric monoidal functors are unchanged (up to
equivalence) when replacing the source or target by an equivalent one.

Appendices A and B develop the basic theory needed to make these statements.

Structure of the text

The text is divided into three chapters and three appendices. The dependencies are
roughly as follows:

Chapter 1 introduces the cobordism category. The classifying spaces of some of its
subcategories are computed, up to homotopy equivalence.
Chapter 2 defines the groupoid completion of a small category, and endows it with a
symmetric monoidal structure when the small category is symmetric monoidal. The
groupoid completion of the cobordism category is computed, up to symmetric monoidal
equivalence.
Chapter 3 introduces invertible TQFTs and computes the category thereof, up to sym-
metric monoidal equivalence.
Appendix A examines equivalences in the context of 2-categories.
Appendix B presents the basic theory of symmetric monoidal categories
Appendix C collects various categorical facts.

Notation

• For x an object, the identity morphism of x is denoted 1x.

• For C a category, the classifying space of C is denoted BC.
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• The 2-category of small symmetric monoidal categories is denoted SM. For C, C 1
small symmetric monoidal categories, the category of symmetric monoidal functors
C Ñ C 1 is denoted SMpC, C 1q.

viii



1. The cobordism category

We introduce the notion of (2-dimensional) cobordism, and use it to define the (2-dimensional)
cobordism category S.

1.1. Oriented 2-cobordisms

De�nition 1.1. Let M0 and M1 be closed (i.e. compact and without boundary) oriented
1-manifolds. An oriented 2-cobordism (or simply cobordism) from M0 to M1 consists of the
following data:

• a compact oriented 2-manifold Σ with (possibly empty) boundary BΣ,

• a decomposition of the boundary BΣ into closed 1-manifolds BΣin and BΣout:

BΣ “ BΣin \ BΣout, (1.1)

where BΣin and BΣout are called the incoming and outgoing boundaries, respectively,

• an orientation-preserving homeomorphismM0 – BΣin, and an orientation-reversing
homeomorphism M1 – BΣout Here the orientations on BΣin and BΣout are those
induced by the orientation of Σ).

As a shorthand for the above data, we will write Σ : M0 Ñ M1, and say that Σ is a
cobordism from M0 to M1. The extra data can be pictured in the following diagram:

M0 M1

BΣin BΣout

Σ,

– ` – ´

(1.2)

where the ` and ´ signs indicate that the homeomorphisms are orientation-preserving
and orientation-reversing, respectively. In the above situation, we sometimes abuse
notation by identifying M0 with BΣin and M1 with BΣout. In this case, we write the above
diagram as

M0 Σ M1.
` ´ (1.3)

1



1. The cobordism category

De�nition 1.2. Two cobordisms Σ0 and Σ1 from M0 to M1 are said to be equivalent if
there exists an orientation-preserving homeomorphism f commuting with the inclusions
of M0 and M1, as in the following diagram:

M0

Σ0 Σ1.

M1

` `

f

–

´ ´

(1.4)

When this is the case, we say that f is a homeomorphism relative to the boundaries, and
we write Σ „ Σ1.

It is clear that „ is an equivalence relation.

Remark 1.3. Suppose that we modified the above definition in the following way: write
Σ « Σ1 when there exists a homeomorphism f : Σ Ñ Σ1 as in eq. (1.4), but without
the requirement that f be orientation-preserving. This turns out to be an equivalent
definition. Clearly, if Σ „ Σ1, then Σ « Σ1. To show the converse, suppose that Σ « Σ1.
We consider two cases.

On the one hand, suppose that Σ is a closed surface (i.e. has no boundary components),
and assume Σ « Σ1. If f is orientation-reversing, then f can be precomposed with an
orientation-reversing self-homeomorphism Σ Ñ Σ1. Then gf is orientation-preserving,
hence Σ „ Σ1.
On the other hand, suppose that Σ has boundary components, and let f : Σ Ñ Σ1 be a

homeomorphism. If f were orientation-reversing, then it would reverse the orientation
of the boundary components. Then f would not make the diagram eq. (1.4) commute.
Thus every homeomorphism Σ Ñ Σ1 is orientation-preserving, hence Σ „ Σ1.

Composition of cobordisms

Equivalence classes of cobordisms will play the role of the morphisms in the (soon to be
defined) cobordism category, and we must therefore have a way of composing them.

De�nition 1.4. Let Σ : M0 Ñ M1 and Σ1 : M1 Ñ M2, be cobordisms: The composition
of Σ and Σ1, denoted Σ1Σ, is defined to be the space obtained by the following pushout
square in the category of topological manifolds:

M1 Σ

Σ1 Σ1Σ.

´

` (1.5)

2



1.1. Oriented 2-cobordisms

By abuse of notation, we identify Σ and Σ1 with their images inside Σ1Σ.
Definition 1.4 gives us the first piece of data needed to define a cobordism M0 Ñ

M2, namely that of a compact 2-manifold Σ1Σ (with boundary). Once Σ1Σ is oriented
homeomorphisms M0

`
ÝÑ BΣin and M2

´
ÝÑ BΣ1out will define homeomorphisms M0

`
ÝÑ

BΣ1Σin and M2
´
ÝÑ BΣ1Σout. In this way, the space Σ1Σ can be equipped with the data of

a cobordism M0 ÑM2.
The next result shows to equip Σ1Σ with an orientation.

Lemma 1.5. Let Σ : M0 ÑM1 and Σ1 : M1 ÑM2, be cobordisms, and let Σ1Σ be their
composition. Then Σ1Σ is orientable

Proof. To ease notation, we identify M0,M1 and M2 with their images inside Σ1Σ. More-
over, in order to save space in diagrams, we write Mij for Mi \Mj (for i, j P t 0, 1, 2 u),
and M012 for M0 \M1 \M2. Observe that (under this abuse of notation), the boundary
of Σ1Σ is BΣ1Σ “M02.
In order to orient Σ1Σ, we muse exhibit a fundamental class for Σ1Σ. Consider part of

the long exact sequence for the triple pΣ1Σ,M012,M02q:

0 H2pΣ
1Σ,M02q H2pΣ

1Σ,M012q H1pM012,M02q – H1pM1q.
B (1.6)

Here the first term is H2pM012,M02q, which is 0 because M012 is 1-dimensional. The
the last isomorphism is obtained by excision. This fits into the following commutative
diagram:

H2pΣ,M01q ‘H2pΣ
1,M12q H1pM01q ‘H1pM12q

H2pΣ
1Σ,M012q H1pM012,M02q – H1pM1q,

B

ϕ

B

(1.7)

where the vertical maps are sums of maps induced by inclusions, and the square commutes
by the naturality of the connecting homomorphism B.
The composite p

é

q followed by the excision isomorphism is obtained by summing the
following maps (where the last maps are given by projections).

H2pΣ,M01q H1pM01q – H1pBΣinq ‘H1pBΣoutq H1pBΣoutq – H1pM1q,

H2pΣ
1,M12q H1pM12q – H1pBΣ

1
inq ‘H1pBΣ

1
outq H1pBΣ

1
inq – H1pM1q,

B

B
(1.8)

Let rΣ,M01s and rΣ1,M01s denote the fundamental classes of Σ and Σ1, respectively,
and let rM1s denote the fundamental class of M1. Since M1 Ñ BΣout is orientation-
reversing, the first map sends rΣ,M01s to ´ rM1s, and since M1 Ñ BΣ1in is orientation-
preserving, the second map sends rΣ1,M12s to rM1s. Therefore the sum of these maps

3



1. The cobordism category

sends prΣ,M01s , rΣ
1,M12sq to 0. By the commutativity of eq. (1.7) and the exactness of

eq. (1.6), we conclude that ϕprΣ,M01s , rΣ
1,M12sq is a class in H2pΣ

1Σ,M02q. This class
is our candidate for a fundamental class for Σ1Σ, so let us denote it rΣ1Σ,M02s.

Let us verify that rΣ1Σ,M02s is indeed a fundamental class for rΣ1Σs. We need to check
that for each x P intpΣ1Σq, the class rΣ1Σ,M02s restricts to a generator inH2pΣ

1Σ,Σ1Σ´xq.
We consider three cases: either x P intpΣq, or x P intpΣ1q, or x PM1.

In the first case, consider the following diagram.

H2pΣ
1Σ,M02q

H2pΣ,M01q ‘H2pΣ
1,M12q H2pΣ

1Σ,M012q

H2pΣ,M01q ‘H2pΣ
1,Σ1q

H2pΣ,M01q H2pΣ
1Σ,M0 \ Σ1q

H2pΣ,Σ´ xq H2pΣ
1Σ,Σ1Σ´ xq.

ϕ

–

–

(1.9)

Here the vertical isomorphism is the projection, and the horizontal isomorphism is
obtained by excision. The dashed maps are simply defined as the appropriate composites.
All other maps are induced by inclusions, therefore the diagram commutes. We claim
that the right-hand dashed map sends rΣ1Σ,M02s to a generator in H2pΣ

1Σ,Σ1Σ ´ xq.
By definition, rΣ1Σ,M02s “ ϕprΣ,M01s , rΣ

1,M12sq. Therefore, by commutativity of the
diagram, it su�ces to check that the composite pëq sends prΣ,M01s , rΣ

1,M12sq to a
generator. But recall that rΣ,M01s is a fundamental class for Σ, so that the left-hand
dashed map sends this class to a generator in H2pΣ,Σ´ xq. Since the bottom map is an
isomorphism, this generator corresponds to a generator in H2pΣ

1Σ,Σ1Σ´ xq, and we are
done. In the second case, i.e. when x P intpΣ1q, we argue similarly as when x P intpΣq.

In the third case, we assume x PM1. By picking a chart around x, we can reduce the
situation to the first case. More precisely, let ψ : U Ñ R2 be a chart around x, so that U
is an open neighborhood of x, and ψ is a homeomorphism onto some open ball V Ă R2.
Then there exists a point y P U which lies outside of M1, say y P intpΣq. Now consider

4



1.2. The 2-dimensional cobordism category

the following diagram:

H2pΣ
1Σ,M02q H2pΣ

1Σ,Σ1Σ´ xq

H2pΣ
1Σ,Σ1Σ´ yq H2pR2,R2 ´ ψpxqq

H2pR2,R2 ´ ψpyqq H2pR2,R´ V q

–

–

–

–

(1.10)

All isomorphisms are obtained by excision, and the remaining two maps are induced
by inclusions, hence the diagram commutes. But notice that the dashed map is an
isomorphism, by the first case, since y P intpΣq. Therefore that top horizontal map is an
isomorphism, as desired.

1.2. The 2-dimensional cobordism category

De�nition 1.6. The (2-dimensional) cobordism category S is defined as follows:

• objects of S are oriented closed 1-manifolds,

• given two objects M0 and M1, the set of morphisms SpM0,M1q is defined to be the
set of equivalence classes of cobordisms from M0 to M1,

• composition of morphisms is defined on representatives, as described in section 1.1,

• the identity on M is represented by the cylinder M ˆ I, seen as a cobordism
M ÑM .

Observe that the composition in S is well defined. Indeed, suppose that we have
cobordisms as follows:

M0 M1 M2,
Σ0

Σ1

Σ10

Σ11

(1.11)

and a pair of homeomorphisms Σ0 – Σ1 and Σ10 – Σ11 (relative to boundaries). Then the
universal property of the pushout induces a homeomorphism Σ10Σ0 – Σ11Σ1, relative to
the boundary. Thus Σ0 „ Σ1 and Σ10 „ Σ11 implies Σ10Σ0 „ Σ11Σ1.

Morphisms in the cobordism category

One advantage of working in low dimensions is that complete classifications of manifolds
are available, so that the objects and morphisms of S can be described precisely. For

5



1. The cobordism category

instance, the objects of S are exactly the spaces homeomorphic to a disjoint union of
finitely many circles. In order to describe the morphisms, we recall some basic facts about
the Euler characteristic of a manifold. A detailed account of the classification theorem for
2-manifolds is beyond the scope of this text, but we give pointers to the relevant literature.
It can be shown1 that any compact manifold with (possibly empty) boundary is home-

omorphic to a finite CW complex, so that the following definition makes sense for
manifolds.

De�nition 1.7. Let X be a finite CW complex. The Euler characteristic χpXq of X is
defined as the integer

χpXq “
ÿ

n

p´1qncn, (1.12)

where cn denotes the number of n-cells of X .

The Euler characteristic can be computed in terms of homology groups2, hence it
does not depend of a choice of CW structure. One immediate property of the Euler
characteristic is as follows. Let X be a finite CW complex decomposing as a pair of
subcomplexes, say X “ AYB. Then cnpXq “ cnpAq ` cnpBq ´ cnpAXBq, and therefore
the Euler characteristic is subadditive with respect to union:

χpXq “ χpAq ` χpBq ´ χpAXBq. (1.13)

In particular, the Euler characteristic is additive with respect to disjoint union:

χpA\Bq “ χpAq ` χpBq. (1.14)

Remark 1.8. By a surface, we mean a connected, compact 2-manifold. The classification
theorem for surfaces 3 asserts that any closed orientable surface Σ is determined by its
Euler characteristic χpΣq, up to homeomorphism. Moreover, χpΣq is an even integer less
than or equal to 2. The integer 1´ 1

2
χpΣq is called the genus of the surface Σ. Thus, for

every integer g ě 0, there is a unique (up to homeomorphism) closed orientable surface
of genus g, denoted Σg. For example, Σ0 is the sphere, Σ1 is the torus, etc.

¨ ¨ ¨

Next, for fixed g, one can then obtain a surface with boundary by removing any number
k ě 0 of discs from Σg. The surface thus obtained is unique up to homeomorphism, and
we denote it Σg,k. Here the number g is again called the genus of Σg,k. For instance, the
surface Σ1,3 can be depicted as follows:

11.
24, Theorem 2.44.
3[3] gives an overview.
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1.2. The 2-dimensional cobordism category

By our definition of genus, we have χpΣgq “ 2 ´ 2g. For surfaces with boundary, we
see that the surface Σg,k´1 is obtained from the surface Σg,k by attaching a disc D1 along
a circle S1. Since clearly χpS1q “ 0 and χpD1q “ 1, eq. (1.13) shows inductively that

χpΣg,kq “ 2´ 2g ´ k. (1.15)

We note that the two formulas agree when k “ 0.

Next we see how surfaces of the type Σg or Σg,k define cobordisms, and thus morphisms
in the cobordism category S.
By remark 1.3, for a fixed choice of domain and target, a connected morphism in Σ is

uniquely determined by its genus. When Σ is homeomorphic to Σg,k for some g, k, then
we shall say that Σ is of type Σg,k.

Symmetric monoidal structure

Let us equip the cobordism category with a symmetric monoidal structure. The first piece
of datum required is that of a “tensor product” on S, which is given by disjoint union:

\ : S ˆ S S. (1.16)

Concretely, this sends a pair of objects M,M 1 in S to their disjoint union M \M 1. For
morphisms, we let \ be given on representatives. Taking di�erent representatives yields
a disjoint union which is homeomorphic relative to boundaries, so \ is well-defined. It is
easy to check that \ is indeed a functor. Clearly, the empty manifold constitutes a unit
with respect to disjoint union.
In order to construct the associator, unitors, and braiding, we use the following trick

to convert homeomorphisms into cobordisms. Let M and M 1 be compact, oriented
1-manifolds, and suppose that ϕ : M –M 1 is an orientation-preserving homeomorphism.
Then, taking the mapping cylinder of ϕ defines a morphism Cϕ : M Ñ M 1 in S.
This is an isomorphism, with inverse given by the mapping cylinder of ϕ´1. In this
way, homeomorphisms between objects of S induce isomorphisms (in S) between these
objects.
Now, given objects M,M 1,M2 in S, we choose the associator to be the isomorphism

induced by the natural homeomorphism M \ pM 1 \M2q – pM \M 1q \M2. Similarly,
the braiding is induced by the homeomorphism M \M 1 – M 1 \M . The unitors are
simply given by identities, since M \H “ M “ H\M on the nose. It is not hard to
verify that these isomorphisms are natural, and satisfy the required axioms for S to be a
symmetric monoidal category.

7



1. The cobordism category

A skeleton for S
Let us denote by m the object of S made of m disjoint copies of the standard oriented
circle, and let M be an object of S with m ą 0 connected components.
By the classification of 1-manifolds, there exists an orientation-preserving homeomor-

phism ϕi : S1 ÑMi from the standard oriented circle to Mi.
Collecting the fi together yields an orientation-preserving homeomorphism

ğ

i

ϕi :
ğ

i

S1
ÑM. (1.17)

Now, taking the mapping cylinder of this homeomorphism then gives an isomorphism in
the category S, between the object M and the disjoint union of m circles with standard
orientation. The set of objects tm P N u therefore constitutes a skeleton for the cobordism
category. From now on, we shall frequently identify S with this skeleton.
We remark that the skeleton can be given a symmetric monoidal structure, using the

symmetric monoidal structure on S. With our notation, we then have m\ n “ m` n.

The functors χ and Θ

It is clear that the Euler characteristic of the circle is zero. Since the Euler characteristic
is additive with respect to disjoint union, we therefore have χpMq “ 0 for any object
M in S. Let Σ : M0 Ñ M1 and Σ1 : M1 Ñ M2 be morphisms in S, and consider their
composite Σ1Σ : M0 ÑM2. Observe that we have Σ1Σ “ Σ1\Σ and Σ1XΣ “M1, hence
by subadditivity of the Euler characteristic, we have

χpΣ1Σq “ χpΣq ` χpΣ1q. (1.18)

In conclusion, the Euler characteristic defines a functor

S Z,χ
(1.19)

where Z denotes the group of integers, seen as a one-object category, with the natural
symmetric monoidal structure 4. The functor χ is then a symmetric monoidal functor, by
additivity.
Another functor of major interest is

S Z,Θ (1.20)

defined as follows. On objects, Θ is (necessarily) constant. Let Σ : M Ñ N be a
morphism in S, and suppose thatM hasm connected components, andN has n connected
components. Then we let

ΘpΣq “
1

2
pn´m´ χpΣqq. (1.21)

4example B.2

8



1.3. Analysis of subcategories

Using that χ is a symmetric monoidal functor, it is easy to check that Θ is a symmetric
monoidal functor as well. In the case when Σ : m Ñ n is of type Σg,k, the value ΘpΣq
takes a nicer form:

ΘpΣg,kq “
1

2
pn´m´ χpΣg,kqq

“
1

2
pn´m´ p2´ 2g ´ kqq

“
1

2
pn´m´ p2´ 2g ´ pn`mqqq

“ g ` n´ 1.

(1.22)

1.3. Analysis of subcategories

The goal of this section is to present some results of Tillmann [8], who has computed the
classifying spaces of several subcategories of S . Our exposition closely follows that of [8].
We will be interested in the following two subcategories:

• Są0: the subcategory of S containing all objects of S except 0. The morphisms in
the category Są0 are those for which every connected component has nonempty
incoming and outgoing boundaries.

• S1: the full subcategory of Są0, with the circle as unique object. All the morphisms
of S1 are connected and have exactly one incoming and one outgoing boundary
component.

For instance, the following morphisms are in S, but not in Są0:

Proposition 1.9. There is an isomorphism of monoids S1 – N, between S1 and the
additive monoid of natural numbers. In particular, there is a homotopy equivalence
BS1 » S1.

Proof. The morphisms in the category S1 are precisely the connected surfaces with two
boundary circles. Such surfaces are classified by their genus, and composition in the
category S1 corresponds to addition of genus. Thus there is an isomorphism of monoids

S1 – N. (1.23)

Thus we have BS1 » BN » S1, where the second homotopy equivalence is obtained via
[7, Corollary 11].

9



1. The cobordism category

Our first use of the functor Θ is to study the category Są0. First, observe that the
restriction of Θ to Są0 takes values in the natural numbers:

S Z

Są0 N.

Θ

Θ

(1.24)

To see this, it su�ces to consider connected morphisms, by the additivity of Θ. Let
Σ : mÑ n be a connected morphism in Są0, say of type Σg,k. By definition of Są0, we
must have n ě 1. Then, using eq. (1.22), we have ΘpΣg,kq “ g ` n´ 1 ě 0 as desired.

Theorem 1.10. [8, Theorem 4] The functor Θ : Są0 Ñ N has a right adjoint Φ, such
that the inclusion S1 ãÑ Są0 factors through the isomorphism S1 – N, as in the following
diagram:

S1 Są0

N.
– Φ

(1.25)

In particular, there is a homotopy equivalence BSą0 » S1.

Proof. Let ˚ denote the unique object of N, and write 1 for the object of Są0 corresponding
to the circle S1. We define a functor Φ as follows:

N Są0

˚ 1

p˚
m
ÝÑ ˚q p1

Σm,2
ÝÝÝÑ 1q,

Φ

(1.26)

i.e. we let Φpmq be the morphism 1 Ñ 1 of genus m. We wish to show that that Φ is right
adjoint to Θ.
We define natural transformations η : 1Są0 Ñ ΦΘ and ε : ΘΦ Ñ 1N. Here ε is simply

chosen to be the identity. For an object M of Są0 with m connected components, we let
ηM : M Ñ 1 be the unique morphism of type Σ0,m`1.

...m “ ηM

Let us verify that η is natural. Let Σ : M Ñ N be a morphism in Są0, withM having m
components and N having n components. Naturality of ηM amounts to the commutativity

10



1.3. Analysis of subcategories

of the following diagram:

M N

1 1,

Σ

ηM ηN

rΣ

(1.27)

where rΣ denotes the morphism ΦΘpΣq : 1 Ñ 1 of genus ΘpΣq.
Now, for eq. (1.27) to commute, the two composites pëq and p

é

q must be equal. Since
both composites have the same source and target, it su�ces to check that their Euler
characteristics are equal.
Note that the surface rΣ has two boundary components and has genus ΘpΣq, hence its

Euler characteristic is as follows:

χprΣq “ 2´ 2ΘpΣq ´ 2

“ 2´ 2

ˆ

1

2
pn´m´ χpΣqq

˙

´ 2 by definition of Θ (from eq. (1.21))

“ χpΣq `m´ n.

(1.28)

Using that χpηM “ 2´ pm` 1qq, we now see that the two composites are equal:

χpëq “ χprΣq ` χpηMq

“ pχpΣq `m´ nq ` p2´ pm` 1qq

“ χpΣq ` p2´ pn` 1qq

“ pχpΣq ` χpηNq

“ χp

é

q.

(1.29)

Thus η is natural.
To obtain the adjunction Θ % Φ, it remains to verify that η and ε satisfy the triangle

identities. That is, we need the following pair of diagrams to commute:

ΘpMq ΘΦΘpMq

ΘpMq

1ΘM

ΘpηM q

εΘpMq

Φp˚q ΦΘΦp˚q

Φp˚q,

ηΦp˚q

1Φp˚q

Φpε˚q (1.30)

for any object M in Są0. But these commute trivially, since ε is the identity.
We conclude that Φ is left-adjoint to Θ, and therefore BSą0 » BN » S1, where the

last equivalence is obtained via [7, Corollary 11]. Finally, commutativity of eq. (1.25) is
immediate.

11





2. The cobordism groupoid

Roughly speaking the groupoid completion GC of a small category C is a groupoid obtained
from C by formally inverting morphisms. Section 2.1 formally defines and constructs this
object, and shows that when C is symmetric monoidal, then GC is symmetric monoidal in
a natural way. In section 2.2, we prove that there is a symmetric monoidal equivalence
GS » Z, a result due to Tillmann [8]. Our proof is a slight simplification of Tillmann’s,
and makes it obvious that under this equivalence, the generator of Z corresponds to the
sphere.

2.1. Groupoid completion

We define the groupoid completion of a small category via a universal property, and show
that it always exists. Moreover, taking groupoid completion is functorial, and turns out to
preserve finite products. As a result, the groupoid completion of a symmetric monoidal
category is itself symmetric monoidal. With this structure, the groupoid completion enjoys
a universal property in the context of symmetric monoidal categories.

De�nition and construction

De�nition 2.1. A groupoid completion of a category C consists of a groupoid GC and a
functor qC : C Ñ GC, such that any functor C Ñ E to a groupoid E factors uniquely
through qC, as in the following diagram:

C E

GC.

@

qC
D!

(2.1)

When a groupoid completion exists, it is unique up to unique isomorphism, and we
speak of the groupoid completion of the category. Roughly, the groupoid GC is obtained by
adjoining formal inverses to the category C. Formally, this is done by a free construction
followed by a quotient construction.

Proposition 2.2. Let C be a small category. Then a groupoid completion GC of C exists.

13



2. The cobordism groupoid

Proof. First, consider the oriented graph C constructed from the category C as follows:
let the set of vertices of C be the set of objects of C, and for any two vertices a and b,
we let the set of edges from a to b be the disjoint union Cpa, bq \ Coppa, bq. The idea is
that the morphism f op in Cop represents the inverse to a morphism f in C. Let P be
the free category on the graph C. Concretely, the objects of P are vertices (i.e. objects
in C), and the morphisms are finite strings xl0, l1, l2, . . . , lny of composable edges of C.
Here we say that two edges l : aÑ b and l1 : a1 Ñ b1 are composable whenever there is
equality between any two objects in the set t a, b, a1, b1 u. Composition in P is given by
concatenation of strings, and the identity morphism of an object a is represented by an
empty string denoted x ya.
Second, we consider the equivalence relation „ on morphisms of P generated by the

following:

• For all objects a in C, x ya „ x1ay,

• for all composable morphisms f , g in C, xf, gy „ xg ˝ fy,

• for every morphism f in C, xf, f opy „
@

1dompfq

D

and xf op, fy „
@

1codpfq

D

.

Now we define GC to be the quotient category P{„. This is indeed a groupoid: the
inverse to a string xl0, . . . , lny is given by xlop

n , . . . , l
op
0 y. Here lop

i denotes the edge li with
reverse orientation, which is an edge in P by construction.
There is a canonical functor qC : C Ñ GC which is the identity on objects and sends

a morphism f to the equivalence class of xfy. Lastly, for the universal property, we see
that any functor C Ñ E to a groupoid E uniquely determines a functor P Ñ E . This
functor respects the elementary equivalences above, hence it uniquely factors through the
quotient category P{„.

A string
@

f0, f
op
1 , f2, . . . , f

op
n´1, fn

D

from the above construction is commonly represented
by a zig-zag of morphisms

‚ . . . ‚.

‚ ‚ ‚

f0 f2

f1 fn´1

fn (2.2)

In this representation, formal inverses are shown pointing from right to left. By composing
morphisms in C and inserting identities as needed, any element of GC can be given a
representative of the above form. We think of the above string as a composite with formal
inverses, fn ˝ f´1

n´1 ˝ . . . ˝ f2 ˝ f
´1
1 ˝ f0.

One example of interest is when the category C is a monoid, i.e. a category with only
one object.

Example 2.3. The groupoid completion GM of a monoid M is a groupoid with one
object, i.e. a group. By construction, the group GM admits the following presentation:

14



2.1. Groupoid completion

generators are elements of M , and relations are defined by the multiplication table of M .
We now focus on a particular case. Let x be an object in a category C, and consider the
monoid M “ EndCpxq. A priori, there are two competing ways to obtain a group from
M . On the one hand, we have the group completion GM . On the other hand, the object
x is also an object of the groupoid GC, and thus we have the group G “ AutGCpxq. The
groups GM and G are related as follows. The functor qC restricts to a functor qC : M Ñ G,
which by the universal property of GM induces a unique functor p making the following
diagram commute:

C GC

M G

GM.

qC

qC

qM p

(2.3)

We introduce a condition on the category C which makes the map p constructed in
example 2.3 surjective.

De�nition 2.4. A category C is said to be strongly connected at an object x of C if for any
other object y in C, there exist morphisms xÑ y and y Ñ x in C.

Lemma 2.5. Let C be a category strongly connected at x. Let M “ EndCpxq and
G “ AutGCpxq. Then the canonical map p : GM Ñ G is surjective.

Proof. Any automorphism f : xÑ x in GC is represented by a zigzag of morphisms in C,
say:

x ‚ ‚ . . . ‚ x. (2.4)

Since C is strongly connected at x, there are morphisms between each ‚ and x (represented
by vertical arrows in the diagram below):

x ‚ ‚ . . . ‚ x

x x x.
f0

f1

fn
(2.5)

Here the dashed arrows simply represent composite morphisms. Then f can be repre-
sented by the equivalent zigzag

x x x . . . x x,
f0

f1

f2

fn´1

fn (2.6)

that is, by an element of G EndCpxq, since each fi is an endomorphism of x. This shows
that the map GM Ñ G is surjective.
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2. The cobordism groupoid

Groupoid completion as a functor on Cat

Given a functor F : C Ñ C 1 between small categories, the universal property of the
groupoid completion induces a functor GF : GC Ñ GC 1 as follows:

C C 1

GC GC 1.

qC

F

qC1

GF

(2.7)

It is easy to check that this defines a functor Gp´q : CatÑ Gpd. This functor turns out
to be a left-adjoint. Indeed, the universal property of the groupoid completion can be
stated as a natural bijection of sets: for any small category D and any small groupoid E ,
we have

GpdpGD, Eq – CatpD, Eq, (2.8)

Here the sets of functors can be given the structure of categories, with natural transfor-
mations as morphisms (see example A.3 for details), and the above bijection can be
enriched:

Lemma 2.6. For any groupoid E there is an isomorphism of categories

GpdpGD, Eq – CatpD, Eq. (2.9)

Proof. We show that both maps participating in the bijection from eq. (2.8) can be made
into functors. Going from left to right is done by precomposing with qD, and this is clearly
functorial. Let τ : F Ñ G be a natural transformation between functors D Ñ E . We
define a natural transformation τ̂ : F̂ Ñ Ĝ between the functors induced by the universal
property by letting τ̂c “ τc for every object c in D. This makes sense because GD has the
same objects as D. Naturality of τ̂ follows from the naturality of τ , since it is enough to
check naturality with respect to morphisms of the form qDpfq for f a morphism in D.
The assignment τ ÞÑ τ̂ clearly respects identities and composition, so we indeed have a
functor from right to left.

The bijection from eq. (2.8) basically states that the functor Gp´q is a left-adjoint to
the inclusion of Gpd into Cat.

Cat K Gpd.

G

(2.10)

By general nonsense, the functor Gp´q therefore preserves arbitrary colimits. It turns
out that it also preserves finite products. Our proof of this fact relies on the exponential

16



2.1. Groupoid completion

law for categories, which we briefly recall. Given small categories X ,Y and Z , there is a
natural bijection

CatpX ˆ Y ,Zq – CatpX ,CatpY ,Zqq. (2.11)

Succintly: a functor px, yq ÞÑ F px, yq is sent to the functor x ÞÑ py ÞÑ F px, yqq. If X ,Y ,Z
are small groupoids, then GpdpY ,Zq is a groupoid. Indeed, a natural transwormation τ
between functors Y Ñ Z is automatically an isomorphism, since each component τy is
an isomorphism. Thus we have a version of the exponential law for groupoids:

GpdpX ˆ Y ,Zq – GpdpX ,GpdpY ,Zqq. (2.12)

The proof of the following result is now purely formal.

Lemma 2.7. For any pair of small categories C and D, there is a natural isomorphism
GpC ˆDq – GC ˆ GD.

Proof. By the Yoneda lemma, it su�ces to exhibit a natural isomorphism between the
functors represented by GpC ˆ Dq and GC ˆ GD. For any groupoid E , we have natural
isomorphisms

GpdpGC ˆ GD, Eq – GpdpGC,GpdpGD, Eqq by the exponential law for groupoids

– CatpC,GpdpGD, Eqq by the uni. prop. of GC
– CatpC,CatpD, Eqq by eq. (2.9)

– CatpC ˆD, Eq by the exponential law for categories

– GpdpGpC ˆDq, Eq by the uni. prop. of GpC ˆDq.

Remark 2.8. While the isomorphism of lemma 2.7 was obtained using abstract machinery,
tracing through the definitions reveals that it simply makes morphisms of the form
qCˆDpf, gq correspond to morphisms of the form pqCpfq, qDpgqq.

Symmetric monoidal structure

Lemma 2.7 makes the following definition possible. Given a symmetric monoidal category
C with tensor product b, we define a functor b1 as follows:

GC ˆ GC GpC ˆ Cq GC.

b1

– Gpbq
(2.13)

To show that this functor is part of a symmetric monoidal structure on GC, we begin
with an observation.
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2. The cobordism groupoid

Remark 2.9. Consider the following diagram:

C ˆ C C

GpC ˆ Cq

GC ˆ GC GC.

qCˆC

b

qC

–
Gpbq

b1

(2.14)

Here the square commutes by definition of Gpbq, and the triangle commutes by definition
of b1. Using the explicit description of the isomorphism (given in remark 2.8), we see
that commutativity of the above diagram indicates that we have

qCpf b gq “ qCpfq b
1 qCpgq, (2.15)

for any pair of morphisms f and g in C.

Proposition 2.10. The groupoid completion of a symmetric monoidal category is a
symmetric monoidal category.

Proof. Let pC,b, e, α, λ, ρ, γq be a symmetric monoidal category. The symmetric monoidal
structure on the groupoid completion GC is given by pb1, e, qCpαq, qCpλq, qCpρq, qCpγqq,
where the tensor product b1 is defined as in eq. (2.13).

The fact that this indeed defines a symmetric monoidal structure follows from remark 2.9.
To illustrate, we verify the triangle axiom. Let a and c be objects in GC (i.e. objects in C).
The triangle axiom for C states that the following diagram commutes.

ab peb cq pab eq b c

ab c.

α

1bλ ρb1

(2.16)

Applying the functor qC, we see that the following diagram commutes.

ab peb cq pab eq b c

ab c.

qCpαq

1bqCpλq qCpρqb1

(2.17)

Here we have used that qCp1b λq “ 1b qCpλq and qCpρb 1q “ qCpρq b 1, which follows
from remark 2.9 and functoriality of qC . This verifies the triangle axiom for GC, and the
other axioms are verified similarly.
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2.2. The cobordism groupoid

Finally, we provide an analog of eq. (2.9) in the context of symmetric monoidal
categories.

Proposition 2.11. Let C and C 1 be small symmetric monoidal categories, and assume that
C 1 is a groupoid. Then there is an isomorphism of categories SMpGC, C 1q – SMpC, C 1q.

Proof. The functor qC is naturally a symmetric monoidal functor pqC, q2, q0q, by choosing
q2 and q0 to be identities. This makes sense because the objects of GC are just objects
of C. Since SM is a 2-category, precomposition by qC defines a functor SMpGC, C 1q Ñ
SMpC, C 1q.
We define a functor in the other direction, first on objects, and then on morphisms.
Let pF, F2, F0q be a symmetric monoidal functor C Ñ C 1. By the universal property,

F induces a functor F̂ : GC Ñ C 1, since C 1 is a groupoid. We make F̂ into a symmetric
monoidal functor by letting F̂0 “ F0 and F̂2 “ F2. This makes sense, because GC and
C have the same objects. Naturality of F̂2 follows from the naturality of F2. Indeed, it
su�ces to check naturality with respect to morphisms in the image of qC. It is easy to
check that pF̂ , F̂2, F̂0q is a symmetric monoidal functor.
Next, let τ : F Ñ G be a morphism in SMpC, C 1q. We define a natural transformation

τ̂ : F̂ Ñ Ĝ by letting τ̂c “ τc for any object c in C. Again, this makes sense because GC
and C have the same objects, and it is easy to see that τ̂ is a symmetric monoidal natural
transformation.
It is clear that the assignment F ÞÑ F̂ is a functor, and the universal property of GC

shows that it is an inverse to the functor defined by precomposition by qC .

2.2. The cobordism groupoid

Our next goal is to prove the following result:

Theorem 2.12 ([8, Theorem 7]). There is a symmetric monoidal equivalence GS » Z
between the groupoid completion of the cobordism category and the group of integers.

The symmetric monoidal structure on GS is inherited from that of S, as explained in
section 2.1. Here the group Z is seen as a one-object category, whose (strict) symmetric
monoidal structure is given by addition of integers. We split the proof of theorem 2.12
into two results: lemma 2.13, which is formal, and theorem 2.15, which has geometric
content.

Lemma 2.13. Let C be a small symmetric monoidal category. Let Ge “ AutGCpeq be the
group of automorphisms of the unit object e, seen as the full subcategory of GC, with e
as its only object. If C is connected, then the inclusion Ge ãÑ GC induces a symmetric
monoidal equivalence

Ge » GC. (2.18)
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2. The cobordism groupoid

Proof. According to [2, 2.4.10], it su�ces to show that the inclusion Ge ãÑ GC is a
symmetric monoidal functor and an equivalence of categories.
The Eckmann-Hilton argument shows that the monoid Ge is abelian (see appendix B.1).

Therefore, Ge is a symmetric monoidal category in a natural way, with tensor product
given by composition/multiplication. In example B.6, we show that the inclusion Ge ãÑ GC
is naturally a symmetric monoidal functor.
If C is connected, then so is GC, and all objects in GC are isomorphic. Thus the

the inclusion Ge ãÑ GC is fully faithful and essentially surjective, i.e. an equivalence of
categories.

Since the cobordism category S is clearly connected, the above result reduces the
study of GS to that of G0 “ AutGSp0q. The group G0 can be related to the monoid
M0 “ EndSp0q by restricting the groupoid completion functor qS , as in the following
commutative diagram:

S GS

M0 G0.

qS

q

(2.19)

This leads us to take a closer look at the monoid M0.

Remark 2.14. There is an isomorphism of monoids M0 – NpNq. Here NpNq denotes the
abelian monoid of non-negative integer sequences with finite support (with pointwise
addition). To see this, note that any morphism 0 Ñ 0 in S is a disjoint union of finitely
many closed surfaces, each of which is determined by its genus. In this way, the sequence
ω “ pω0, ω1, . . .q represents the morphism 0 Ñ 0 consisting of ω0 spheres, ω1 tori, ω2

double tori, and so on. It is clear that this is a bijection and a monoid homomorphism.
The monoid NpNq is generated by elements of the form ei for i ě 0. Here ej is the

sequence which is identically 0, except in the ith entry, where it is 1. Under the above
isomorphism, the sequence ei element corresponds to a the closed surface of genus i.
It is easy to check that the the group of integer sequences with finite support, ZpNq,

satisfies the universal property of the group completion of NpNq, so that we have GM0 –

ZpNq.

We now state the theorem which consitutes the highlight of Tillmann’s paper [8]. We
write S2 for the morphism 1 Ñ 1 in S given by the sphere, and we write rS2s for its image
under the canonical functor qS : S Ñ GS.

Theorem 2.15. [8, Theorem 7] In particular, there is an isomorphism

AutGSp0q – Z, (2.20)

where the generator is given by rS2s.
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2.2. The cobordism groupoid

Proof. Let us first establish some convenient notation. For any morphism ω in S, the image
qSpωq is denoted rωs. For any object x in S, the monoid of endomorphisms EndSpxq is
denoted Mx, and the group of automorphisms AutGS is denoted Gx. In order to facilitate
the translation between symbolic notation and the associated pictures, we adopt the
symbol “¨” to denote composition of morphisms in reverse order. That is, given any
composable morphisms ϕ and ψ, the composite ϕ ˝ψ is denoted ψ ¨ϕ, as in the following
diagram:

‚ ‚ ‚.

ψ¨ϕ

ψ ϕ (2.21)

We now begin the proof. Consider the following morphisms in S :

α : 0 Ñ 1 β : 1 Ñ 0 γ : 1 Ñ 1

δ : 0 Ñ 3 ε : 3 Ñ 0 ζ : 1 Ñ 3 η : 3 Ñ 1 θ : 3 Ñ 3 ι : 3 Ñ 3

Consider the set map f : G3 Ñ G0 obtained by precomposing by rδs and postcomposing
by rεs:

f : G3 G0.
rδs¨p´q¨rεs

(2.22)

Observe that δ ¨ ι ¨ ε “ δ ¨ θ ¨ ε in M0:

“

Therefore we have
fprιsq “ rδs ¨ rιs ¨ rεs

“ rδ ¨ ι ¨ εs

“ rδ ¨ θ ¨ εs

“ rδs ¨ rθs ¨ rεs

“ fprθsq.

(2.23)
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2. The cobordism groupoid

The map f is a bijection, since rδs and rεs are isomorphisms, so we conclude that

rιs “ rθs . (2.24)

Next, observe that ζ ¨ θ ¨ η “ γ in M1:

“

Thus we have
rζ ¨ ηs “ rζ ¨ ι ¨ ηs

“ rζs ¨ rιs ¨ rηs

“ rζs ¨ rθs ¨ rηs by eq. (2.24)

“ rζ ¨ θ ¨ ηs

“ rγs

(2.25)

And for any integer i ě 0, we have

rei ` ie0s “
“

α ¨ pζ ¨ ηqi ¨ β
‰

“ rαs ¨ rζ ¨ ηsi ¨ rαs

“ rαs ¨ rγsi rβs by eq. (2.25)

“ rαs ¨ rβs since rγs is the identity in G1

“ rα ¨ βs

“ re0s .

(2.26)

In the first and last equalities, we identify M0 with NpNq, as in remark 2.14. Since r´s is a
group homomorphism, and G0 is an abelian group (see appendix B.1), we can rewrite
the above as

reis “ p1´ iq re0s . (2.27)

Since r´s is a group homomorphism, and G0 is an abelian group (see appendix B.1),
we can rewrite the above as reis “ p1´ iq re0s.
The Euler characteristic of the closed surface of genus i is χpeiq “ ´2p1 ´ iq. Thus

we have shown that reis “ ´1
2
χpeiq re0s for i ě 0. Since r´s and χ are monoid homomor-

phisms, it follows that for any ω PM0, we have

rωs “ ´
1

2
χpωq re0s . (2.28)
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2.3. The homotopy type of the 2-dimensional cobordism category

Recall that the Euler characteristic defines a functor χ : S Ñ Z to the group of
integers. By the universal property of the groupoid completion, there is an induced
functor χ : GS Ñ Z. Thus we have a commutative diagram:

M0 S

Z

G0 GS,

q qS

χ

χ

(2.29)

where the restriction of χ to G0 is a group homomorphism.
We wish to show that χ is injective, using eq. (2.28). By lemma 2.5, there is a surjective

group homomorphism GM0 Ñ G0. Since the group GM0 is generated by elements of the
monoid M0, and G0 is abelian, any element κ P G0 is of the form κ “ rλs ´ rµs, for some
λ, µ in M0. Then we have

κ “ rλs ´ rµs

“ ´
1

2
χpλq re0s ´

ˆ

´
1

2
χpµq re0s

˙

“ ´
1

2
pχpλq ´ χpµqq re0s .

(2.30)

Now, if χpκq “ 0, then χprλsq ´ χprµsq “ 0, i.e. χpλq ´ χpµq “ 0, by the commutativity
of eq. (2.29). But then κ “ 0, by eq. (2.30). We conclude that χ is an injective group
homomorphism.
Finally, since χpre0sq “ χpe0q “ 2, the image of χ is a nontrivial subgroup of Z, therefore

G0 is isomorphic to the group of integers Z.

2.3. The homotopy type of the 2-dimensional
cobordism category

A result of Quillen [6, Proposition 1] shows that for any small category C, there is an
isomorphism of groups π1pBCq – π1pBGCq. Consequently, by the results of the previous
section, we have ([8, Theorem 7])

π1pBSq – Z. (2.31)

As an application of the results of the previous section, we present the following result
due to Tillmann.

Theorem 2.16. [8, Theorem 10]. There exists a simply-connected infinite loop space X
such that BS » X ˆ S1.
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2. The cobordism groupoid

Proof. Recall from Section 1.3 that there is a functor Θ as follows.

S Z

Są0 N.

Θ

i

Θ

j (2.32)

Then by theorem 1.10, we have

BS BZ » S1

S1 » BSą0.

BΘ

Bi
BpjΘq

(2.33)

Since BpjΘq is a homotopy equivalence, there exists some map t : BZÑ BSą0 such
that BpjΘqt » 1BZ, hence we have

BpΘqBpiqt “ BpΘiqt “ BpjΘqt » 1S1 , (2.34)

ı.e. the map s “ Bpiqt is a homotopy section for BpΘq.
Let X be the homotopy fiber of Bpiq : S1 Ñ BS. Then the fiber sequence

X BS S1f Θ (2.35)

induces a long exact sequence on homotopy groups:

. . . πnX πnBS πnS
1 πn´1X . . .

f˚ Θ˚ B (2.36)

Since the map Θ˚ has section s˚, it is surjective. Therefore B is the zero map, and f˚ is
injective, so that the above long exact sequence yields short exact sequences

0 πnX πnBS πnS
1 0,

f˚ Θ˚ (2.37)

for all n ě 0. Using that the category S is connected, taking n “ 0 in the above short
exact sequence shows that X is connected. Next, for n “ 1 we have a short exact sequence

0 π1X Z Z 0,
f˚ Θ˚ (2.38)

where we have used that πpBSq – Z. Since Θ˚ is surjective, it is an isomorphism, and we
conclude that X is simply connected.
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2.3. The homotopy type of the 2-dimensional cobordism category

For n ě 2, the short exact sequences of abelian groups split by the splitting lemma,
and we have isomorphisms

πnpX ˆ S1q πnX ˆ πnS
1 πnBS

rx, ys prxs, rysq pf˚rxsqps˚rysq.

– –

(2.39)

The composite isomorphism is induced by the maps Ψ : X ˆ S1 Ñ BS sending px, yq to
x ¨ y, where ¨ denotes the loop product. By the above, the map Ψ is a weak equivalence,
and by Whitehead’s theorem we conclude that it is a homotopy equivalence.
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3. Invertible TQFTs

In this chapter, we introduce (invertible) topological quantum �eld theories. The goal is to
apply results from the previous chapter, to obtain our main theorem, theorem 3.6, which
states (in essence) that invertible TQFT are determined by their image on the sphere.
This is directly inspired by (and generalizes) a theorem of Juer and Tillmann [5, Theorem
4.3]. As a matter of technical convenience, we introduce the convenient notion of pointed
TQFT. For the remainder of this chapter, we fix a symmetric monoidal category C whose
unit object is denoted e.

De�nition 3.1. A (2-dimensional, C-valued) topological quantum �eld theory is a a sym-
metric monoidal functor from the cobordism category S to C.

The C-valued TQFTs assemble into a category TQFTC, where the morphisms are
symmetric monoidal natural transformations, i.e. we define

TQFTC “ SMpS, Cq. (3.1)

Recall (definition B.12) that an object a of a symmetric monoidal category C is said
to be invertible if there exists an object b in the category, and an isomorphism ab b – e
to the unit object. The invertible C-valued TQFTs can then be defined as the invertible
objects of the category TQFTC . For our purposes, we shall make use of an alternative
definition. While showing the equivalence of these definitions is outside the scope of this
text, we do provide some motivation for our preferred definition.
Let us examines what it means for a C-valued TQFT F to be an invertible object of

TQFTC . By definition, F is invertible when there exists another C-valued TQFT G and
a natural isomorphism F bG – eTQFT. This means that for every object x in S, there is
an isomorphism FxbGx – e. In particular, hence the image Fx is an invertible object
in C. Naturality of this isomorphism means that for any morphism f : xÑ y in S, the
following square commutes:

FxbGx Fy bGy

e e,

FfbGf

– –
(3.2)
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3. Invertible TQFTs

hence Ff b Gf is an isomorphism. By the interchange law, we have the factorization
FfbGf “ pFfb1Gxq˝p1FybGfq, therefore the factor Ffb1Gx is an isomorphism. But
the morphism Ff b1Gy is the image of Ff under the functor ´by, which by lemma B.13
is an equivalence of categories. Thus the morphism Ff is an isomorphism. In conclusion,
an invertible TQFT sends objects to invertible objects, and morphisms to isomorphisms,
as desired.
This leads us to the following definitions.

De�nition 3.2. Let C be a symmetric monoidal category. The Picard groupoid of C,
denoted Pic C, is the subcategory C consisting of all invertible objects and isomorphisms
between them.

It is clear that Pic C is a category. Moreover, since the subcategory Pic C is closed
under tensor product, it is in fact a symmetric monoidal category.

De�nition 3.3. A C-valued TQFT is said to be invertible when it takes values in the
Picard groupoid Pic C.

The invertible TQFTs assemble into the category SMpS,Pic Cq, which we denote
TQFTˆC , and is by definition

TQFTˆC “ SMpS,Pic Cq. (3.3)

Our goal is to provide a description of the category of invertible TQFTs. To this end,
we introduce an intermediary notion, that of pointed TQFT.

3.1. Pointed TQFTs

We define pointed versions of symmetric monoidal functors and natural transformations,
which behave well with respect to the unit. The extra assumptions provide some control
over the data, and turn out to be insignificant up to equivalence.

De�nition 3.4. A symmetric monoidal functor pF, F2, F0q : C Ñ C 1 is said to be pointed
if it preserves the unit, i.e. if F0 : e1 Ñ F peq is the identity morphism. A symmetric
monoidal natural transformation τ is said to be pointed if it is the identity on the unit,
i.e. if τe “ 1e1 .

The following proposition clarifies in what sense the pointedness assumption can be
considered harmless.

Proposition 3.5. Let C 1 be a symmetric monoidal category. Then there is an equivalence
of categories SMpC, C 1q » SM‚pC, C 1q.
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3.1. Pointed TQFTs

Proof. We define a functor

SMpC, C 1q SM‚pC, C 1q,
Ąp´q

(3.4)

and show that it is an equivalence of categories. Given a functor F : C Ñ C 1 and an object
a in C, the definition is split up into cases:

rFa “

#

e1, a “ e

Fa, a ‰ e.
(3.5)

For a morphism f : aÑ b, we take advantage of the isomorphism Fo : e1 Ñ Fe, and set

rFf “

$

’

’

’

&

’

’

’

%

F´1
0 ˝ Ff ˝ F0, a “ e, b “ e,

F´1
0 ˝ Ff, a ‰ e, b “ e,

Ff ˝ F0, a “ e, b ‰ e,

Ff, a ‰ e, b ‰ e.

(3.6)

The above ensures that rF is pointed. It remains to define the symmetric monoidal data of
a natural isomorphism rF2pa, bq : rFab rFbÑ rF pab bq. Since each variable can either be
equal to e or not, we see an exponential increase in the number of cases. For completeness,
we include the definitions below, which are simply obtained by matching the data in the
only sensible way.

a “ e b “ e ab b “ e rF2pa, bq

0 0 0 Fab Fb
F2
ÝÑ F pab bq

0 0 1 Fab Fb
F2
ÝÑ Fe

F´1
0
ÝÝÑ e1

0 1 0 Fab e1
1bF0
ÝÝÝÑ Fab Fe

F2
ÝÑ F pab eq

1 0 0 e1 b Fb
F0b1
ÝÝÝÑ Feb Fb

F2
ÝÑ F peb bq

1 1 0 e1 b e1
F2
ÝÑ Feb Fe

F0
ÝÑ F peb eq

0 1 1 Fab e1
1bF0
ÝÝÝÑ Fab Fe

F2
ÝÑ F pab eq

F´1
0
ÝÝÑ e1

0 0 1 e1 b Fb
F0b1
ÝÝÝÑ Feb Fb

F2
ÝÑ F pab eq

F´1
0
ÝÝÑ e1

1 1 1 e1 b e1
F0bF0
ÝÝÝÝÑ Feb Fe

F2
ÝÑ Fe

F´1
0
ÝÝÑ e1

Here we have defined rF2pa, bq depending on whether a, b, or ab b equal e. Each row
in the above table represents a case, with the last column specifying the definition for
ĂF2 as a composite map. This completes the definition of p rF , rF2q, but it still remains to
show that this defines a symmetric monoidal functor. We omit this routine but tedious
verification, due to the large number of cases.
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3. Invertible TQFTs

Next, we define the functor Ąp´q on morphisms. Given a symmetric monoidal natural
transformation τ : F Ñ G, we define its image rτ as follows:

rτa “

#

1e1 , a “ e

τa, a ‰ e.
(3.7)

It is straightforward to verify that rτ is natural and symmetric monoidal. To see that the
functor Ąp´qis essentially surjective, consider the natural isomorphism η : rF – F defined
by

rηa “

#

F0, a “ e

1a, a ‰ e.
(3.8)

This is readily verified to be a symmetric monoidal isomorphism. Finally, for the functor
Ąp´q to be fully faithful, it must induce a bijection of sets

$

’

&

’

%

symmetric monoidal
natural

transformations
F Ñ G

,

/

.

/

-

–

$

’

&

’

%

pointed symmetric
monoidal

natural transformations
rF Ñ rG

,

/

.

/

-

, (3.9)

for any pair of functors F,G P SMpC, C 1q.
To see this, note that τ can be retrieved from the data of rτ and the data of F and G,

since τa “ rτa for a ‰ e, and the value of τe is forced by the data of the functors F and G
by the diagram

e1 Fe

e1 Ge,

F0

τe

G0

(3.10)

i.e. we have τe “ G0 ˝ F
´1
0 .

3.2. The category of invertible TQFTs

Let C be a symmetric monoidal category with unit object e, and consider an invertible
TQFT

pF, F2, F0q : S Ñ Pic C. (3.11)

Let S2 denote the 2-sphere seen as a morphism 1 Ñ 1 in S . Then the composite morphism

e F peq e
F0 F´1

0 (3.12)

is an automorphism of e. We say that this automorphism is the the value F on the sphere,
or that it is obtained by evaluation of F on the sphere. The principal result of this text is
the following.
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3.2. The category of invertible TQFTs

Theorem 3.6. There is a symmetric equivalence of categories

TQFTˆC » AutCpeq. (3.13)

Here AutCpeq is seen as a discrete category, and equipped with a symmetric monoidal
structure via composition of automorphisms. The equivalence is given by evaluation on
the sphere.

Proof. Recall that G0 denotes the group of automorphisms of 0 in GS, and that rS2s P GS
is the automorphism qCpS

2q. First, observe that the category SM‚pG0,Pic Cq is discrete.
Indeed, G0 has only one object, so a natural transformation τ P morSM‚pG0,Pic Cq is
determined by τ0, which is necessarily the identity.
Any symmetric monoidal functor F : G0 Ñ Pic C determines an automorphism of e,

given by on the class of the sphere, rS2s. Conversely, any automorphism of f : e Ñ e
determines a functor F : G0 Ñ Pic C, by letting F prS2sq “ f . Indeed, this is the case
because the group G0 is generated by rS2s, by theorem 2.15 In conclusion, we have an
isomorphism of groups

SM‚pG0,Pic Cq – AutCpeq. (3.14)

The equivalence from eq. (3.13) is now given as follows:

TQFTˆC “ SMpS,Pic Cq by definition

– SMpGS,Pic Cq by proposition 2.11

– SMpG0,Pic Cq by lemma 2.13

» SM‚pZ,Pic Cq by proposition 3.5

– AutCpeq by eq. (3.14).

(3.15)

By the discussion leading to eq. (3.14), we see that the equivalence is given by evaluation
on the sphere. By examining the symmetric monoidal structure on TQFTˆC remark B.11,
it is straightforward to show that the composite of the above functors is in fact symmetric
monoidal, so that we have a symmetric monoidal equivalence as desired.
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A. Strict 2-categories

We define 2-categories as Cat-enriched categories, i.e. we consider only strict 2-categories.
The framework of 2-categories provides a general notion of equivalence between objects.
We show that equivalent objects give rise to equivalent hom-categories.

A.1. 2-Categories

Informally, a 2-category is a category equipped with a notion of “morphisms between
morphisms”. All available morphisms can be composed in an associative and unital way,
which is what the following definition expresses.

De�nition A.1. A 2-category C consists of:

• a collection objC of objects of C,

• for each pair of objects x, y P objC, a small category Cpx, yq,

• for each object x P objC, a functor 1x : ˚ Ñ Cpx, xq,

• for each triple x, y, z P objC, a functor

Cpy, zq ˆCpx, yq Cpx, zq,˝ (A.1)

such that the following diagrams commute for all x, y, z, w P objC:

i) (Associativity)

Cpz, wq ˆCpy, zq ˆCpx, yq Cpz, wq ˆCpx, zq

Cpy, wq ˆCpx, yq Cpx,wq,

1ˆ˝

˝ˆ1 ˝

˝

(A.2)

ii) (Unitality)

Cpx, yq ˆ ˚ Cpx, yq ˆCpx, xq

Cpx, yq,

1ˆ1x

1
˝

Cpy, yq ˆCpx, yq ˚ ˆCpx, yq

Cpx, yq.

˝

1yˆ1

1

(A.3)
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A. Strict 2-categories

The objects of C will also be called 0-cells. The objects of the hom-categories Cpx, yq are
called 1-cells and are thought of as morphisms between 0-cells. Accordingly, we shall
denote an object F P Cpx, yq by

F : x y (A.4)

The functor ˝ provides a means of composing 1-cells, and the functor 1x : ˚ Ñ Cpx, xq
singles out a 1-cell (also denoted 1x) which acts as the identity under this composition.
With this data, the set of 0-cells is a category, where the morphisms are 1-cells.

Morphisms τ : F Ñ G between 1-cells are called 2-cells and are depicted as follows:

x y

x y.

F

ù
ñ τ

G

(A.5)

We see that there are two ways to compose 2-cells. First, using ordinary composition in
the category Cpx, yq, a pair of 2-cells τ : F Ñ G and σ : GÑ H can be composed to a
2-cell σ ¨ τ : F Ñ H . This composite will be called their vertical composition, and depicted

x y

x y

x y.

F

ù
ñ τ

Gù
ñ σ

H

(A.6)

Second, by functoriality of ˝, a pair of 2-cells τ P morCpx, yq and τ 1 P morCpy, zq can
be “composed” to a 2-cell τ 1 ˝ τ P morCpx, zq. This 2-cell will be called their horizontal
composition, and depicted

x y z

x y z.

F

ù
ñ τ

F 1

ù
ñ τ 1

G G1

(A.7)

The object 1x of Cpx, xq admits an identity 2-cell denoted 11x , which is an identity with
respect to vertical composition. In addition, the diagrams in definition A.1 imply that 11x

is an identity with respect to horizontal composition. With these notions of identities and
composition, we have the obvious notions of inverse and isomorphism.

Remark A.2. It is natural to wonder how the two ways of composing 2-cells interact. A
priori, the following picture can be interpreted in two ways,
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A.1. 2-Categories

τ τ 1

σ σ1

depending whether one uses horizontal composition first and vertical composition second,
or vice versa. Functoriality of ˝ ensures that this is unambiguous, i.e.

pσ1 ¨ τ 1q ˝ pσ ¨ τq “ pσ1 ˝ σq ¨ pτ 1 ˝ τq.

This is known the interchange law.

Example A.3. The prototypical 2-category is the category of small categories, where the
0-cells are categories, 1-cells are functors, and 2-cells are natural transformations. When
thought of as a 2-category, the category of small categories is denoted Cat.
First, for each pair of categories X and Y , there is a category CatpX ,Yq whose objects

are functors X Ñ Y and morphisms are natural transformations. The identity natural
transformation is pointwise made up of identities, and the (vertical) composition of
natural transformations is given as follows. Given functors and natural transformations

ù
ñ

τ
X Y ,ù

ñ σ
H

G

F

(A.8)

the vertical composite σ ¨ τ is defined for an object x in X by pσ ¨ τqx “ σxτx, which is
natural because σ and τ are. The composition in CatpX ,Yq is associative and unital
since it is contructed from the composition in the category Y .
Second, for any functor F : X Ñ X , there is an obvious functor 1F : ˚ Ñ CatpX ,Yq

picking F and the identity natural transformation of F .
Third, we have an assignment

CatpY ,Zq ˆCatpX ,Yq CatpX ,Zq˝ (A.9)

sending functors to their ordinary composite, and natural transformations

X

ù
ñ τ Y

ù
ñ τ 1 Z,

G

F

G1

F 1

(A.10)
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A. Strict 2-categories

to their horizontal composite τ 1 ˝ τ defined as follows. For any object x in X , we let
pτ 1 ˝ τqx : F 1FxÑ G1Gx be either composite in the diagram below:

F 1Fx F 1Gx

G1Fx G1Gx.

F 1pτxq

τ 1Fx τ 1Gx

G1pτxq

(A.11)

(The diagram commutes by naturality of τ 1.) Let us check that τ 1 ˝ τ is natural. For any
morphism f : aÑ b in X , the perimeter of the following diagram commutes,

F 1Fa F 1Fb

F 1Ga F 1Fb

G1Ga G1Gb,

F 1pτaq

F 1Ff

pτ 1˝τqa

F 1pτbq

pτ 1˝τqb
F 1Gf

τ 1Ga τ 1Gb

G1Gf

(A.12)

since the upper square is obtained by applying the functor F 1 to the naturality square
for τ relative to f , and the lower square is obtained by the naturality of τ 1 relative to Gf .
Thus the assignment ˝ makes sense, and functoriality of ˝ follows from the functoriality
of F, F 1, G, and G1.
Finally, the functor ˝ is associative and unital in the sense of definition A.1 because it

was defined in terms of unital and associative operations. This concludes the construction
of Cat.

A.2. Equivalences in 2-categories

The existence of 2-cells allows us to establish a notion weaker than isomorphism.

De�nition A.4. Given a pair of objects x, y in a 2-category C, an equivalence between x
and y is a pair of 1-morphisms

x y
S

T

(A.13)

together with a pair of 2-isomorphisms η : idx – T ˝ S and ε : S ˝ T – idy.
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A.2. Equivalences in 2-categories

Our goal is to show that an equivalence of objects induces an equivalence of hom-
categories. Along the way, we show that 1-cells induce functors (lemma A.5) and 2-cells
induce natural transformations (lemma A.6).

Lemma A.5. Let F : x Ñ y be a 1-cell in a 2-category C. Then there exists a functor
F : Cpy, zq Ñ Cpx, zq.

Proof. The functor F is defined as the composite functor

Cpy, zq Cpy, zq ˆ ˚ Cpy, zq ˆCpx, yq Cpx, zq,
– 1ˆF ˝ (A.14)

where F is seen as a functor ˚ Ñ Cpx, yq. Concretely, the functor F acts by precomposition.
Given a functor F 1 P obj Cpy, zq and a natural transformation τ 1 P mor Cpy, zq, we have

F pF 1q “ F 1 ˝ F (A.15)

F pτ 1q “ τ 1 ˝ 1F . (A.16)

Pictorially, we have

F pτ 1q = 1F τ 1

. (A.17)

Lemma A.6. Let τ : F Ñ G be a 2-cell between 1-cells F,G : x Ñ y in a 2-category
C. Then there exists a natural transformation τ : F Ñ G between the pair of functors
F ,G : Cpy, zq Ñ Cpx, zq.

Proof. The component of τ corresponding to an object F 1 of Cpy, zq is defined by

τF 1 “ 1F 1 ˝ τ. (A.18)

τF 1 = τ 1F 1
. (A.19)

The naturality square of τ takes the following form. For any pair of 1-cells F 1, G1 P
objCpy, zq, and for any 2-cell τ 1 : F 1 Ñ G1, the following diagram should commute:

F pF 1q F pG1q

GpF 1q GpG1q.

F pτ 1q

τF 1 τG1

Gpτ 1q

(A.20)
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A. Strict 2-categories

For the composite (ë), we have (by definition and the interchange law):

Gpτ 1q ¨ τF 1 “ pτ
1
˝ 1Gq ¨ p1F 1 ˝ τq “ pτ

1
¨ 1F q ˝ p1G ¨ τq “ τ 1 ˝ τ, (A.21)

and for the composite p

é

q, we similarly have

τG1 ¨ F pτ
1
q “ p1G1 ˝ τq ¨ pτ

1
˝ 1F q “ p1F ¨ τq ˝ pτ

1
¨ 1Gq “ τ 1 ˝ τ, (A.22)

and so the diagram commutes as desired. Visually, the above computation is as follows:

Gpτ 1q

τF 1
“

1G τ 1

τ 1F 1
“ τ τ 1 “

τ 1F 1

1G τ 1
“

τG1

F pτ 1q
. (A.23)

It is easy to see that the mapping F ÞÑ F , τ ÞÑ τ respects identities and composition.
In particular it takes isomorphisms to isomorphisms. We deduce the following:

Proposition A.7. Let x and y be equivalent objects in a 2-category C. Then there exists
an equivalence of categories between Cpy, zq and Cpx, zq, for any object z.

The above proposition shows that the first variable in a hom-category Cpx, yq can be
swapped for an equivalent one. By dual arguments, the same holds true for the second
variable.a 2 This can be seen as a 2-categorical analog of the fact that isomorphic objects
induce an isomorphism of representable functors, which follows from the Yoneda lemma.
While there exists a 2-categorical version of the Yoneda lemma, we have chosen to present
proposition A.7 in an elementary way.
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B. Symmetric monoidal gadgetry

We introduce symmetric monoidal categories, functors and natural transformations, and
verify that these make up the data of a 2-category SM.

B.1. Categories, functors, and natural transformations

Symmetric monoidal categories

Symmetric monoidal categories capture the idea of “multiplying” objects and morphisms,
as exemplified by the tensor product of vector spaces:

pA,Bq ÞÑ AbB.

Depending on the choice of parenthesization, there are two ways to form the tensor
products of three vector spaces. The two resulting vector spaces are not equal in general,
but only naturally isomorphic:

Ab pB b Cq – pAbBq b C.

Increasing the number of arguments further yields many more parenthesizations, but
also more isomorphisms between the resulting objects. Luckily, these isomorphisms are
compatible: any conceivable diagram made up of them commutes. This phenomenon is
known as coherence, and is not unique to the category of vector spaces. It turns out that
coherence be deduced from the commutativity of a few simple diagrams, on which the
definition of a symmetric monoidal category is modelled.

De�nition B.1. A symmetric monoidal category pC,b, e, α, λ, ρ, γq consists of:

• A category C.

• An object e P obj C, called the unit object.

• A functor called the tensor product

C ˆ C C,b (B.1)

i.e. for each pair of objects a, b in C, an object bpb, aq “ ab b, and for each pair of
morphisms f : aÑ b and f 1 : a1 Ñ b1 in C, a morphism f b f 1 : ab a1 Ñ bb b1.
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B. Symmetric monoidal gadgetry

• A natural isomorphism α called the associator :

C ˆ C ˆ C C ˆ C

C ˆ C C,

bˆ1

α
ù
ñ
–

1ˆb b

b

(B.2)

i.e. isomorphisms αa,b,c : ab pbb cq – pab bq b c natural in a, b, c P obj C.

• Natural isomorphisms λ and ρ called the left and right unitor, respectively:

C ˆ ˚ C ˆ C ˚ ˆ C

C.

1ˆe

pr1

b

λ
ù
ñ
–

pr2

eˆ1

–

ù
ñρ (B.3)

i.e. isomorphisms λa : eb a – a and ρa : ab e – a, natural in a P obj C.

• A natural isomorphism γ called the braiding :

C ˆ C C

C ˆ C,

b

twist

γ

ù
ñ –

b
(B.4)

i.e. isomorphisms γa,b : ab b – bb a, natural in a, b P obj C.

The above data are required to satisfy the following properties.

i) (Pentagon axiom) For all objects a, b, c of C, the following diagram commutes:

pab bq b pcb dq

ab pbb pcb dqq ppab bq b cq b d

ab ppbb cq b dq pab pbb cqq b d.

αα

1bα

α

αb1

(B.5)
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B.1. Categories, functors, and natural transformations

ii) (Triangle axiom) For every object a of C, the following diagram commutes:

ab peb cq pab eq b c

ab c.

α

1bλ ρb1

(B.6)

Moreover, λe,e “ ρe,e : eb eÑ e.

iii) (Symmetry axiom) For all objects a, b of C, the following diagram commutes:

ab b ab b

bb a.

1

γa,b γb,a
(B.7)

iv) (Triangle braiding axiom) For any object a of C, the following diagram commutes:

ab e eb a

a.

γ

ρ λ
(B.8)

v) (Hexagon braiding axiom) For all objects a, b, c of C, the following diagram commutes:

pab bq b c cb pab bq

ab pbb cq pcb aq b b

ab pcb bq pab cq b b.

γ

α´1 α

1bγ γb1

α

(B.9)

We adopt a few conventions to ease notation. The symbol b will be overloaded to
simultaneously denote the tensor product of objects and morphisms in di�erent categories.
For conciseness, we say that C is a symmetric monoidal category, leaving the extra data
implicit.

Example B.2. Let M be an abelian monoid, seen as a category with only one object ˚.
Then M can be given the structure of a symmetric monoidal category as follows. The
tensor product of morphisms f and g in M is given by their composition, i.e. we let
f b g “ fg. For the unique object ˚, we let ˚ b ˚ “ ˚.
The associator, unitors and braiding are all identities.
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B. Symmetric monoidal gadgetry

When the associator, unitors and braiding are identities, we say that the symmetric
monoidal category is strict.

Proposition B.3. In conclusion, the monoid EndCpeq is abelian.

Proof. Let C be a symmetric monoidal category, and let f, g, h, and i be morphisms in C.
The functoriality of the tensor product b implies that

pf b gq ˝ phb iq “ pf ˝ hq b pg ˝ iq, (B.10)

whenever the compositions make sense. This equation known as the interchange law. Let
f : eÑ e be an endomorphism of the unit object of C. Naturality of ρ implies that the
following diagram commutes:

eb e eb e

e e

eb e eb e,

fb1

ρ ρ

f

1bf

λ λ

(B.11)

but by the triangle axiom, λe “ ρe, hence we have f b 1 “ 1b f . Let g : eÑ e be another
endomorphism of the unit object, and write 1 for 1e. Then

f b g “ pf ˝ 1q b p1 ˝ gq

“ pf b 1q ˝ p1b gq by the interchange law

“ p1b fq ˝ pg b 1q

“ p1 ˝ gq b pf ˝ 1q by the interchange law

“ g b f.

(B.12)

Moreover, by the naturality of λ, and the equality λe “ ρe, we have the following
commutative diagram:

eb e eb e eb e

e e e,

1bf

gbf

gb1

λ λλ´1

f g

(B.13)

and a similar diagram where the roles of f and g are exchanged. Thus we have

g ˝ f “ λ ˝ pg b fq ˝ λ´1

“ λ ˝ pf b gq ˝ λ´1

“ f ˝ g.

(B.14)
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Symmetric monoidal functors

De�nition B.4. Given monoidal categories C and C 1, a symmetric monoidal functor pF, F2, F0q :
C Ñ C 1 consists of:

• A functor F : C Ñ C 1.

• A natural isomorphism:

C ˆ C C 1 ˆ C 1

C C 1,

FˆF

b b
F2
ù
ñ
–

F

(B.15)

i.e. isomorphisms F2pa, bq : Fab FbÑ F pab bq, natural in a, b P obj C.

• An isomorphism:

F0 : e1 Fe.
– (B.16)

The above data are required to satisfy the following properties.

i) (Hexagon axiom) For all objects a, b, and c in C, the following diagram commutes:

Fab pFbb Fcq pFab Fbq b Fc

Fab F pbb cq pFab bq b Fc

F ppab pbb cqq F ppab bq b cq.

α1

1bF2 F2b1

F2 F2

Fα

(B.17)

ii) (Left- and right-square axioms) For every object a in C, the following diagrams com-
mute:

e1 b Fa Fa

Feb Fa F peb aq,

λ1

F0b1

F2

Fλ

Fab e1 Fa

Fab Fe F pab eq.

ρ1

1bF0

F2

Fρ (B.18)
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B. Symmetric monoidal gadgetry

iii) (Symmetry axiom) For every object a in C, the following diagram commutes:

Fab Fb Fbb Fa

F pab bq F pbb aq.

γ1

F2 F2

Fγ

(B.19)

For conciseness, we sometimes refer to the entire triple pF, F2, F0q simply by F .

Lemma B.5. The composition of symmetric monoidal functors is a symmetric monoidal
functor.

Proof. Given a pair of composable symmetric monoidal functors

C C 1 C2,F G (B.20)

we can make the composite functor GF : C Ñ C2 into a symmetric monoidal functor by
defining pGF q0 and pGF q2 as follows:

e2 GFe

Ge1,

pGF q0

G0 GpF0q

GFabGFb GF pab bq

GpFab Fbq.

pGF q2

G2 GpF2q

(B.21)

Let us verify that the resulting pGF, pGF q2, pGF q0q is a symmetric monoidal functor.
Naturality (in the second variable) of pGF q2 relative to a morphism f : b Ñ c in C
amounts to the commutativity of the perimeter of the diagram below:

GFabGFb GpFab Fbq GF pab bq

GFabGFc GpFab Fcq GF pab cq.

G2

pGF q2

1bGFf Gp1bFfq

GpF2q

GF p1bfq

G2

pGF q2

GpF2q

(B.22)
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Here, the left-hand square by naturality of G2 relative to the morphism Ff , and the
right-hand square commutes by applying G to the naturality square for F . The rest of
the diagram commutes by definition of pGF q2. Naturality in the first variable is checked
similarly.

The hexagon axiom for GF amounts to the commutativity of the perimeter of the
diagram below:

GFab pGFbbGFcq pGFabGFbq bGFc

GFabGpFbb Fcq GpFab Fbq bGFc

GFabGF pbb cq GpFab pFbb Fcqq GppFab Fbq b Fcq GF pab bq bGFc

GpFab F pbb cqq GpF pab bq b Fcq

GF pab pbb cqq GF ppab bq b cq.

α2

1bpGF q2

1bG2

pGF q2b1

G2b1

G2

1bGpF2q GpF2qb1

G2

G2

pGF q2

Gα1

Gp1bF2q GpF2b1q

pGF q2

G2

GpF2q GpF2q

GFα

(B.23)

Here the lower hexagon is obtained by applying the functor G to the hexagonal diagram
for F . The upper hexagon is obtained by taking the hexagon diagram for G with objects
Fa, Fb, and Fc. The triangular diagrams commute by definition of pGF q2, and the square
diagrams commute by naturality of G2.

The left-square axiom for GF amounts to the commutativity of the perimeter of the
diagram below:
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GFbb e2 GFb

GFbbGe1 GpFbb e1q

GFbbGFe GpFbb Feq

GFbbGFe GF pbb eq.

ρ2

1bpGF q0

1bG0

1bGpF0q

G2

Gp1bF0q

Gρ1

G2

GpF2q

pGF q2

GF pρq

(B.24)

Here the right trapezoid is obtained by applying G to the left-square diagram for F .
The upper trapezoid diagram is obtained by taking the square diagram for G with the
object Fa. The middle square commutes by naturality of G2. The remaining part of the
diagram commutes by definition of pGF q2. The right-square axiom is verified similarly.
The symmetry axiom for GF amounts to the commutativity of the perimeter of the

diagram below:

pGFaq b pGFbq pGFbq b pGFaq

GpFab Fbq GpFbb Faq

GF pab bq GF pbb aq.

γ2

G2 G2

Gpγ1q

GpF2q GpF2q

GF pγq

(B.25)

Here the lower square is obtained by applying the functor G to the symmetry square
for F , and the upper square commutes by the symmetry square of G (in the objects Fa
and Fb).

The composition of symmetric monoidal functors just defined is clearly associative.
Thus there is a category whose objects are symmetric monoidal categories, and whose
morphisms are symmetric monoidal functors. We denote this category SM.
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B.1. Categories, functors, and natural transformations

Example B.6. Let C be a symmetric monoidal category and letM be the full subcategory
of C with a single object, the unit object e. By appendix B.1, M is an abelian monoid,
hence composition defines a symmetric monoidal structure on M , as in example B.2.
Let us equip the inclusion F : M ãÑ C with the structure of a symmetric monoidal

functor. We let F2 “ λ “ ρ : eb eÑ e and F0 “ 1 : eÑ e. Naturality of F2 with respect
to f, g : eÑ e amounts to the commutativity of the perimeter of the diagram below:

eb e eb e eb e

e e e.

1bf

gbf

λ

gb1

λ“ρ ρ

f g

(B.26)

Here each square commutes by naturality of λ, and the top triangle commutes by the
interchange law (see appendix B.1). Next we check that F is a symmetric monoidal
functor. The hexagon axiom for F amounts to the commutativity of the perimeter of the
diagram below:

eb peb eq peb eq b e

eb e eb e

e e.

α

1bλ λb1

1

λ λ

1

(B.27)

Here the top square commutes by the triangle axiom for C, and the bottom square
commutes trivially. The square axioms for F hold trivially, since we chose F2 “ λ “ ρ,
and the symmetry axiom for F holds by the triangle braiding axiom for C.
In conclusion, there is a symmetric monoidal functor M ãÑ C.

Symmetric monoidal natural transformations

Having defined functors (1-cells), the next step is to define natural transformations (2-cells)
in a symmetric monoidal context.

De�nition B.7. Let F and G be symmetric monoidal functors C Ñ C 1. A symmetric
monoidal natural transformation τ : F Ñ G is a natural transformation τ : F Ñ G such
that the following diagrams commute:
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i) (Unit axiom)

e1 Fe

e1 Ge.

F0

τe

G0

(B.28)

ii) (Tensor axiom)

Fab Fb F pab bq

GabGb Gpab bq.

F2

τabτb τabb

G2

(B.29)

Remark B.8. The use of the word symmetric in the above definition is justified without
further requirements, since

Fab Fb Fbb Fa

GabGb GbbGa

γ1

τabτb τbbτa

γ1

(B.30)

commutes by naturality of γ1 (relative to the morphisms τa and τb), and

F pab bq F pbb aq

Gpab bq Gpbb aq

Fγ

τabb τbba

Gγ

(B.31)

commutes by naturality of τ (relative to the morphism γ).

Next we show that symmetric monoidal transformations can be composed. As with
ordinary natural transformations, we can consider two composition laws: vertical and
horizontal (see example A.3 for the way these were defined).
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Lemma B.9. Let τ and σ be symmetric monoidal natural transformations as follows:

ù
ñ

τ
C C 1,ù

ñ σH

G

F

(B.32)

Then the vertical composite natural transformation σ ¨ τ : F Ñ H is symmetric monoidal.

Proof. The perimeters of the two diagrams below commute because every square commutes
by assumption:

e1 Fe Fab Fb F pab bq

e1 Ge GabGb Gpab bq

e1 He HabHb Hpab bq.

F0

τe

F2

τabτb τabb

G0

σe

G2

σabσb σabb

H0

H2

(B.33)

Lemma B.10. Let τ and τ 1 be symmetric monoidal natural transformations as follows:

C

ù
ñ τ C 1

ù
ñ τ 1 C2.

G

F

G1

F 1

(B.34)

Then the horizontal composite natural transformation τ 1 ˝ τ : F 1F Ñ G1G is symmetric
monoidal.
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B. Symmetric monoidal gadgetry

Proof. The unit axiom for τ 1 ˝ τ amounts to the commutativity of the perimeter of

e2 F 1e1 F 1Fe

e2 F 1e1 F 1Ge

e2 G1e1 G1Ge,

1

pF 1F q0

F 10

2

F 1F0

F 1τe

pτ 1˝τqe
F 10

3 4

F 1G0

τ 1
e1

τGe

pG1Gq0

G10 G1G0

(B.35)

where 1 commutes trivially, 2 commutes by applying F 1 to the unit axiom for τ , 3
commutes by the unit axiom for τ 1, 4 commutes by naturality of τ 1 relative to G0, and
the triangles commute by definitions.

The tensor axiom for τ 1 ˝ τ amounts to the commutativity of the perimeter of

F 1Fab F 1Fb F 1pFab Fbq F 1F pab bq

F 1Gab F 1Gb F 1pGabGbq F 1Gpab bq

G1aGabG1Gb G1pGabGbq G1Gpab bq

1

pF 1F q2

pτ 1˝τqabpτ 1˝τqb

F 12

F 1τabF 1τb 2

F 1pF2q

F 1pτabτbq F 1τabb

pτ˝τ 1qabb

3

F 12

τ 1Gabτ
1
Gb 4

F 1G2

τ 1GabGb
τ 1
Gpabbq

G12

pG1Gq2

G1G2

(B.36)

for every objects a and b in C. Here 1 commutes by naturality of F 12, 2 commutes
by applying F 1 to the tensor axiom for τ , 3 commutes by the tensor axiom for τ 1, 4
commutes by naturality of τ 1 with respect to G2, and the triangles commute by definitions.
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B.2. The 2-category of symmetric monoidal categories

The upshot of lemma B.9 is that the collection of symmetric monoidal functors SMpC, C 1q
can be made into a category SMpC, C 1q whose morphisms are symmetric monoidal natural
transformations. Moreover, the last lemmas of the previous section show that the functor

CatpY ,Zq ˆCatpX ,Yq CatpX ,Zq,˝ (B.37)

defined in example A.3 yields a functor

SMpY ,Zq ˆ SMpX ,Yq SMpX ,Zq.˝ (B.38)

It is clear that the identity functor and the identity natural transformation are canonically
symmetric monoidal. In conclusion, there is a 2-category SM whose objects are categories,
1-cells are functors, and 2-cells are natural transformations – all of the symmetric monoidal
variant.

Remark B.11. The category SMpX ,Yq is naturally a symmetric monoidal category, by
taking tensor product pointwise. More precisely, given a pair of symmetric monoidal
functors F,G : X Ñ Y , we let F bG be the functor defined by pF bGqpxq “ F pxqbGpxq,
for x P X . Similarly, given a pair of symmetric monoidal natural transformations
τ : F Ñ G and τ 1 : F 1 Ñ G1, we let pτ b τ 1qx “ τx b τ 1x. The associator, unitors and
braiding are similarly given pointwise. It is then straightforward to verify that this gives
a symmetric monoidal structure on SMpX ,Yq, using that Y is a symmetric monoidal
category.

B.3. Invertible objects

Let x be an object of a symmetric monoidal category C. Seeing x as a functor x : ˚ Ñ C,
we denote by xb´ the following composite functor:

C C ˆ ˚ C ˆ C C.–

xb´

1ˆx b (B.39)

De�nition B.12. The object x is said to be invertible if there exists an object y in C and
an isomorphism δ : xb y – e.

Lemma B.13. If x is invertible, then the functor xb´ is an equivalence of categories.
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B. Symmetric monoidal gadgetry

Proof. Assume δ : xb y – e. We show that the functor yb´ is an “inverse” to the functor
xb´. Given an object z in C, we have an isomorphism

xb py b zq pxb yq b z eb z z.α
–

δb1

–

λ
–

(B.40)

This isomorphism is natural in z, since the perimeter of the following diagram commutes:

xb py b zq xb py b wq

pxb yq b z pxb yq b w

eb z eb w

z z.

1bp1bfq

α – α–

p1b1qbf

δb1 – δb1–

1bf

λ – λ–

1

(B.41)

Here the top and bottom squares commute by naturality of α and λ, and the middle
square commutes by the interchange law.
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We briefly record some elementary results about the algebra of morphisms in a category.
Let us fix the following data of objects and morphisms in some category:

a b c d.
f g h (C.1)

Lemma C.1. If g has both a pre-inverse s and a post-inverse t, i.e. the following diagram
commutes:

c b c b,s

1c

g

1b

t (C.2)

then s “ t and g is an isomorphism.

Proof. t “ t1c “ tgs “ 1bs “ s, hence g is an isomorphism with inverse s “ t.

The following result is known as the 2-out-of-6 property for isomorphisms:

Proposition C.2. If gf and hg are isomorphisms, i.e. there is a diagram of the form:

a b c d,
f

–

g

–

h (C.3)

then f, g, h are isomorphisms.

Proof. We first show that g is an isomorphism. Let s “ fpgfq´1 and t “ phgq´1h. Then
gs “ gfpgfq´1 “ 1c and tg “ phgq´1hg “ 1b, hence s “ t and g is an isomorphism by
lemma C.1.
Next we show that f is an isomorphism. We see that f has pre-inverse pgfq´1g, since

fpgfq´1g “ p1bqpfpgfq
´1gq “ pg´1gqpfpgfq´1gq “ g´1

pgfpgfq´1
qg “ g´1g “ 1b. (C.4)

Moreover, f has a post-inverse pgfq´1g, since pgfq´1gf “ 1a. Thus f is an isomorphism,
and a symmetric argument shows that h is an isomorphism.

Corollary C.3. Let i : xÑ y and j : y Ñ x be morphisms in some category, such that
both composites ij and ji are isomorphisms. Then i and j are isomorphisms.
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Corollary C.4. Let F : C Ñ C 1 be a functor sending endomorphisms to isomorphisms.
Suppose that for every morphism xÑ y in C there exists a morphism y Ñ x in C. Then
the functor F sends every morphism to an isomorphism.

Proof. Let i : xÑ y be an arbitrary morphism. Then by assumption there exists j : y Ñ x.
Now ij and ji are endomorphisms, hence Fij “ FiFj and Fji “ FjFi are isomorphisms.
By corollary C.3, we conclude that Fi and Fj are isomorphisms.
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